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Abstract 

In this work, the composition of a portfolio was proposed by using the Knapsack problem and verified its 

effectiveness in comparison to a portfolio of shares on an investment website. The programming 

variables were based on the Markowitz risk theory of variance and following collaborators for their 

studies. And from the chosen portfolio, the efficient frontier was elaborated analyzing the performance 

of the investment site portfolio during 30 days. The portfolio obtained exceeded the percentage 

performance obtained from the investment site in the same period when considering the maximum 

possible return, the minimum global variance and also in the naive distribution. 
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1. Introduction 

Building an investment portfolio is a task that takes into account numerous aspects related not only to the 

assets themselves, but also to the profile of the investor who will be performing such a task. The common 

objective, however, is always the same, to obtain the highest return in the face of the lowest possible risk 

exposure. 

The problem initially proposed by (Markowitz, 1958). He presented a model of risk variance where he 

proved that diversification, observing the correlation of assets, there was an increase in the theoretical 

portfolio return given the same risk. (Sharpe, 1967) developed the capital asset pricing model (CAPM) and 

created an index to measure the relationship between risk and investment performance. (Morita et al, 1989) 

present a stochastic maximization model through the backpack problem with a matrix of variance and 

covariance. (Konno & Yamasaki, 1990) showed improvements in relation to the Markowitz study 

introducing a risk calculated as Mean Standard Deviation (MAD). (Speranza, 1991) presented advances in 

the linear programming model, using the method of mean absolute deviation. 

The literature shows numerous advances and studies in determining the portfolio, such as the use of Fuzzy 

and AHP methodologies. However, many articles fail to demonstrate the theoretical results compared to the 

results obtained in practice by the market, due to the great complexity in the parameters used in 

determining the simulation models. 
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This study presents a simplistic approach to the application of the Knapsack Problem in obtaining assets for 

the formation of a portfolio and to comparing the theoretical results with the practical ones. First, it was 

necessary to establish a basic income objective to be obtained. In this case, a Brazilian investment site was 

chosen that compiles the indications of the collaborating investment brokers. The ten most recommended 

stocks make up the official portfolio of the website where the performances of these papers were verified in 

the interval of 30 days. Using the indications of the main brokers, binary programming was applied, using 

the data of return, risk (standard deviation) and correlation where the objective functions were established 

as the restrictions to be used in the programming. In a second step, the efficient frontier was assembled 

using the covariance of the assets obtained to verify the optimal points of resource allocation. 

This work is organized into four sections: Section 2 presents methodological research on the problem of 

knapsack problem, efficient frontier and portfolio selection. Section 3 presents the numerical results 

obtained and illustrations, while section 4 contains the conclusions obtained. 

 

2. Theoretical foundations 

2.1 Integer Programming 

An Integer Programming problem is a model in which the constraints and the objective function are 

identical to those formulated in linear programming. However, in some cases, the decision variables only 

make sense, as in the case of the article in question, when they have integer values (Hillier & Liebermann, 

2006). According to (Render, 2012) throughout the programming, we have three types of solution: 

a) Pure, where they receive whole values. 

b) Mixed, where some have integer values. 

c) Binary, where the decision variables must receive the values of 0 or 1. (Object of study of the article). 

 

The knapsack problem consists of the classic binary programming problem in operational research, where 

it seeks to determine, among the n possible objects, which of them should be carried in the backpack, taking 

into account their usefulness and weight. Given a weight restriction, the goal is to maximize the overall 

usefulness of the backpack. Equation 01 concerns the objective function of maximizing the object's 

usefulness. Equation 02 refers to a weight capacity restriction that cannot be overcome. Equation 03 refers 

to the restriction on the values that must be mandatory 0 or 1. Expressed by the functions below: 

 

𝐹𝑜𝑏𝑗 = 𝑀𝑎𝑥 𝑧 = ∑ 𝑃𝑖𝑋𝑖

𝑛

𝑖

  (01) 

∑ 𝑝𝑖𝑥𝑖

𝑛

𝑖

≤ 𝐶 𝑚𝑎𝑥 (02) 

𝑥𝑖 ∈ (0,1)   (03) 

 

Model parameters: 

xi = utility of object i 
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pi = weight of object i 

C max. = backpack capacity 

Decision variables: 1 if the object is in the backpack or 0 otherwise. 

Analogously for the work, it was proposed to change the parameters for proper application. The objective 

in the case of the work was to minimize the risk of the portfolios given a restriction in the average 

correlation of the assets with each other, which can be written as follows: 

𝐹𝑜𝑏𝑗 = 𝑀𝑖𝑛 𝑧 = ∑ 𝐶𝑖𝑋𝑖

𝑛

𝑖

  (01) 

∑ 𝑝𝑖𝑥𝑖

𝑛

𝑖

≤ 𝐶 𝑜𝑟𝑟𝑒𝑙. 𝑚á𝑥 (02) 

  

𝑥𝑖 ∈ {(0,1)}  (03) 

 

Model parameters:  

ci = risk (Standard deviation) of stock i  

xi = mean correlation of stock i  

Correl. max = minimize portfolio risk given the restricted correlation between assets Decision variables: 1 

if the stock is in the portfolio and 0 otherwise. 

 

2.2 Efficient frontiers 

Markowitz (1958) introduced in his famous work “Portfolio Selection” terms that are widely used until 

today as portfolio risk, diversification and optimization (Galiene & Stravinskyte, 2016). In addition, he was 

the first to prove mathematically that diversification reduced the portfolio's risk (Cibulskien & 

Grigaliuniene, 2007). 

Based on the risk and return estimates of the assets, Markowitz proposes the creation of the so-called 

efficient average variance frontier (Figure 1), capable of demonstrating the maximum expected return of a 

portfolio against a given risk. 

 

Figure 1: Exemplification of efficient Markowitz frontier 

Source: Investment and Finance (2019). 
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The curve represents the optimal portfolios, which are: 1) The most profitable given a  level of risk or 2) 

The lowest risk given a level of profit. However, as all options are optimal, the choice is up to each investor 

depending on their level of risk aversion and external factors (Galiene & Stravinskyte, 2016). 

The frontier is calculated with the optimal point for each estimated theoretical return interval, in order to 

minimize the covariance given the following restrictions: maximum and minimum allocation in each asset 

(guarantee diversification) and the maximum and minimum value of each interval that is desired obtain the 

optimal allocation point, since without these restrictions we would have a single optimal value, and it 

would not be possible to set up the efficient frontier. As per the schedule below: 

 

Decision Variables: 

𝑥𝑖 = 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑖𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡 

Decision Parameters: 

𝑅𝑖 = 𝑅𝑒𝑡𝑢𝑟𝑛 𝑜𝑓 𝑝𝑜𝑟𝑡𝑖𝑓𝑜𝑙𝑖𝑜 

𝑅𝑠 = 𝑅𝑒𝑡𝑢𝑟𝑛 𝑜𝑓 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 

Objective Function: 

𝑀𝑖𝑛 = ∑ 𝑥𝑛

𝑛

𝑖

 ∀𝑖 (01) 

Subject to: 

Maximum percentage allocated to each share: 

 

∑ 𝑥𝑖 ≤ 𝑅𝑖  ∀𝑖

𝑛

𝑖

 (02) 

 

Minimum percentage allocated to each share: 

 

∑ 𝑥𝑖 ≤

𝑛

𝑖

𝑅𝑠 (03) 

Return of the portfolio above the minimum limit for the simulation: 

 

∑ 𝑥𝑖 ≥

𝑛

𝑖

𝑅𝑖 (04) 

No Negativity: 

𝑥𝑖 ∈ (0,1)   ∀𝑖 

 

 

Due to the complexity of the calculations that involves several variables, common in problems of 

optimization of variables, the formulations above were performed in Microsoft Excel®. 
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3. Methodology 

The objective was to obtain a portfolio of 10 shares in order to have a yield higher than that obtained by the 

official portfolio of the website in question. The website's portfolio was obtained from the 10 most 

recommended stocks by brokers. In this way, a binary model was proposed, in which 10 shares were 

obtained, which must have a percentage yield higher than that of the site in question. 

 

3.1 Shares chosen 

Data were extracted from the daily quotations of 22 shares, resulting from the indications of the 5 

brokerages with the best percentage performance accumulated until the month of November 2019, from 

September to November 2019, from the official Brazilian investment website. Thus, the average daily risk 

and return of the 90 days prior to the beginning of the 30-day simulation was obtained, as shown in Table 1. 

Table 1 - Average daily risk image, average monthly return. 
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Source: Research data (2020). 

 

The following were considered for optimization: the average risk (standard deviation) and the correlation 

average of each stock, obtained by Microsoft Excel®, of the 22 pre-selected assets as shown in table 2. The 

risk minimization program given was applied the mean correlation constraint as shown in table 2 in the 

appendix. 

In table 3 we can see the result of the programming carried out, the 10 actions were obtained where the 

value of the minimization obtained was 0.1466 with the correlation of  2.39, thus respecting the restriction 

of 2.40, which was obtained through benchmarking of the correlation of the portfolios of the main brokers 

(average of 0.24 per share). 

 

Table 3 - Result of chosen shares 

Share (Stdev) Correlation Object Result Stdev_tot 

LREN3F 0,0151 0,3698 0 0,0000 0,1466 

MOVI3F 0,0173 0,3396 0 0,0000  

RADL3F 0,0142 0,2185 1 0,2185  

SULA11F 0,0152 0,2530 1 0,2530  

VIVT4F 0,0112 0,2864 1 0,2864  

EZTEC3F 0,0243 0,2667 0 0,0000  

JBSS3F 0,0250 0,0829 0 0,0000  
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KLBN11F 0,0161 0,2220 1 0,2220  

PETR4F 0,0149 0,2038 1 0,2038  

VVAR3F 0,0231 0,3313 0 0,0000  

B3SA3F 0,0147 0,3278 0 0,0000  

LINX3F 0,0247 0,2186 0 0,0000  

PCAR4F 0,0154 0,3108 0 0,0000  

BPAC11F 0,0209 0,2367 0 0,0000  

FLRY3F 0,0136 0,2722 1 0,2722  

GRND3F 0,0143 0,3091 1 0,3091  

LAME4F 0,0177 0,3575 0 0,0000  

WEGE3F 0,0154 0,1661 1 0,1661  

BBDC4F 0,0163 0,2053 1 0,2053  

CPFE3F 0,0155 0,2543 1 0,2543  

CVCB3F 0,0259 0,2521 0 0,0000  

VALE3F 0,0168 0,2013 0 0,0000  

   10 2,3907 CORREL_TOT 
    2,4 RESTRICTION 

Source: Research data (2020). 

 

3.2 Assembly of the efficient frontier  

From the 10 actions obtained, the covariance matrix (table 4) was obtained by Microsoft Excel®, together 

with the average monthly return on the actions of the collected data, and it was applied to the programming 

in order to obtain the minimization of the covariance as explained in item 2.2.  

Table 4 - Variance / covariance table 

 RADL3F SULA11F VIVT4F KLBN11F PETR4F FLRY3F GRND3F WEGE3F BBDC4F CPFE3F 

RADL3F 0,000199 0,000064 0,000042 0,000023 0,000010 0,000010 0,000046 0,000031 0,000006 0,000068 

SULA11F 0,000064 0,000227 0,000054 0,000022 0,000011 0,000028 0,000043 0,000048 0,000001 0,000073 

VIVT4F 0,000042 0,000054 0,000123 0,000026 0,000010 0,000041 0,000039 0,000027 0,000025 0,000047 

KLBN11F 0,000023 0,000022 0,000026 0,000255 0,000077 0,000046 0,000040 0,000126 0,000049 0,000003 

PETR4F 0,000010 0,000011 0,000010 0,000077 0,000218 0,000059 0,000076 0,000009 0,000073 0,000006 

FLRY3F 0,000010 0,000028 0,000041 0,000046 0,000059 0,000182 0,000064 0,000037 0,000053 0,000036 

GRND3F 0,000046 0,000043 0,000039 0,000040 0,000076 0,000064 0,000201 0,000041 0,000047 0,000048 

WEGE3F 0,000031 0,000048 0,000027 0,000126 0,000009 0,000037 0,000041 0,000233 0,000072 0,000042 

BBDC4F 0,000006 0,000001 0,000025 0,000049 0,000073 0,000053 0,000047 0,000072 0,000261 0,000022 
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CPFE3F 0,000068 0,000073 0,000047 0,000003 0,000006 0,000036 0,000048 0,000042 0,000022 0,000237 

Source: Research data (2020). 

 

For the formation of the efficient frontier, it was necessary to establish the intervals for the construction of 

the graph. Without the restrictions we would only obtain the point of minimum global variance, which in 

this case would be an estimated return of 5.12% for an estimated risk of 0.70%. The lowest value obtained 

respecting the restrictions was a return of 2.82% for a risk of 0.80% and the highest value obtained was 

7.62% for an equal risk of 0.80%. 

Table 5. Result of efficient border points after programming 

St.Dev Ret[r] RADL3F SULA11F VIVT4F KLBN11F PETR4F FLRY3F GRND3F WEGE3F BBDC4F CPFE3F 

0,80% 7,62% 20,00% 2,50% 2,50% 7,50% 2,50% 20,00% 20,00% 20,00% 2,50% 2,50% 

0,73% 6,50% 20,00% 3,80% 8,70% 2,50% 12,70% 11,40% 10,90% 20,00% 2,50% 7,50% 

0,71% 6,00% 20,00% 3,50% 12,00% 2,50% 13,90% 10,30% 5,90% 20,00% 2,50% 9,30% 

0,70% 5,12% 16,00% 4,50% 18,20% 2,50% 14,80% 8,00% 2,50% 17,40% 4,40% 11,80% 

0,72% 4,00% 8,60% 9,10% 20,00% 3,30% 14,70% 5,70% 2,50% 9,50% 10,70% 15,90% 

0,77% 3,00% 2,50% 13,30% 20,00% 5,50% 13,30% 2,50% 2,50% 2,50% 17,90% 20,00% 

0,80% 2,82% 2,50% 20,00% 20,00% 2,50% 7,50% 2,50% 2,50% 2,50% 20,00% 20,00% 

Source: Research data (2020). 

 

For comparison purposes, naive distribution was considered, that is, the application of the programming 

used at the efficient frontier was disregarded and the percentage of share participation was the same for all. 

Considering this, an estimated return of 5.23% was obtained for a risk of 0.74%, represented by the triangle 

in figure 2. 

 

 

Figure 2 - Illustration of the efficient frontier obtained 

Source: Authors (2020). 
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4. Results and discussion 

The period selected for analysis was marked by a sharp rise in the stock exchange due to the momentary 

animation due to external factors such as the signaling of structural reforms in the country. The percentage 

performance of 10 shares obtained through binary programming was observed and was compared to a 

Brazilian investment website portfolio, which for the period analyzed obtained the result of 7.23%, where 

the naive distribution was used. The application of the Knapsack Problem to obtain a portfolio proved to be 

a good complementary tool in the analysis of the composition of investment portfolios of variable income. 

For this, it was necessary a solid fundamentalist and technical analysis of shares for an initial filtering to be 

carried out on the stocks where the simulations will be carried out. The bold investment profile (Maximum 

return) was the one with the highest return (8.72%) with a result 14.43% higher than estimated. The 

conservative profile (Minimum global variance) obtained a return of 7.33% (43.16% higher than initially 

estimated). And the naive distribution, which corresponds to an equal allocation between the shares 

(without the need to carry out the LP) obtained a result of 7.87% (50.47% higher than initially estimated). 

Table 2 presents the summary of estimated results versus results obtained by investment profiles. 

 

Table 2. Summary of estimated versus obtained results from investment profiles. 

 

 

 

 

Source: Research data (2020). 

Preliminary binary programming proved to be a useful tool in the quantitative formation of the portfolio, 

since all the arrangements made via PL to obtain the efficient frontier (global minimum and maximum 

return), as well as the naive distribution, exceeded the result obtained through the Valor.com portfolio in 

December 2019 (7.23%). 

The naive diversification between roles proved to be more effective in the estimated versus obtained item 

than the allocations for the minimum global variance (conservative profile) and maximum return (bold 

profile). One of the causes is that a greater allocation in a single asset can increase the portfolio's weight and 

risk in face of non-diversifiable risks, in this way that allocation via the efficient frontier has great 

theoretical utility, but not necessarily practical. 
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Table 2 - Stock correlation table and average correlation 
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Source: Research data (2020). 




