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Abstract

A finite volume method is applied to develop space-time discretizations for parabolic equations based on
an equation error method. A space-time expansion of the local equation error based on flux integral
formulation of the equation is first designed using a desired framework of neighboring quadrature
points for the solution and local source terms. The quadrature weights are then determined through a
minimization process for the error which constitutes all local compact fluxes about each centroid within
the computational domain. In utilizing a local source term distribution to account for diffusive fluxes, the
right minimizing weights and collocation points including sub-grid points for the source terms may be
determined and optimized for higher accuracies as well as robust higher-order computational
convergence. The resulting local residuals form a more complete description of the truncation errors
which are then utilized to assess the computational performances of the resulting schemes. The

effectiveness of the method is demonstrated by the results and analysis of the schemes.

Key words. Finite volume method, space-time control volume, local equation error expansion,
higher-order convergence, Heat equation, one-step scheme, numerical domain of dependence, general
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1. Introduction

To achieve robust higher computational accuracies for the heat equation, the discretization method must be
efficient in characterizing the fundamental local fluxes of the diffusion within the space-time
computational domain in order to conserve small and large scale attributes as much as possible. This
requires that the associated discretization error for the equation must be comprehensively formulated to
allow for local fluxes to as many neighboring grid points as possible to mimic flow in the continuous
system. In this article we present a space-time finite volume differencing framework for constructing one-
and two-step higher-order finite volume schemes for the heat equation based on the distribution of local
radial fluxes about their centroid. After rewriting the equation into a conservative flux integral form over
the space-time cylindrical domain, it is reformulated into a general quadrature approximation form of
undetermined coefficients. This is accomplished by utilizing general weighted quadratures to approximate
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the flux integral operators using a unified space-time solution expansion in a comprehensive approach that
preserves operator properties of the equation about each grid point interior to the space-time domain.

By formulating the equation this way, the resulting numerical schemes describe a synchronized time
evolution representation [13, 26] of the diffusion that allows for a more complete local compact flux
characterization about each space-time grid point. This guarantees higher conservation of local fluxes in
regulating transport and rendering the schemes more uniformly higher-order accurate compared with
similar implementations of traditional finite difference schemes.

The finite volume differencing formulation is very systematic in a way that allows for flexible adaptive
control volumes which are basically identified by their centroid grid point values and the adopted
neighboring space-time points including sub-grid points. All such neighboring grid-point values in space
and time may be utilized to set up the weighted quadrature approximation of the integral formulation for the
equations and therefore nearby control volumes overlap [34].

As part of the motivation for this work, we seek to achieve consistent higher-order convergence rates by
utilizing unified local space-time expansions for the solution and the source terms rather than simplifying
the discretization on space-time control volumes as discretization in space followed by a discretization in
time [26] as in traditional semi-discretization approaches. This ensures that the right space-time flow
characteristics governed by the equation about the centroid of the desired neighboring points are accounted
for which ensures uniform higher-order convergence rates. That is, traditional semi-discretization methods
fail to produce local mesh refinements in the space-time domains and as such make it difficult for such
schemes to accurately track local regularities of the solution without the need to take small time steps [9].
Therefore, a unified space-time formulation that combines space and time into a single differentiable
manifold locally eliminates the need for small time steps in order to achieve consistent higher-order
convergence rates and hence is computationally cost effective [4,16]. The approximation of the equation on
the local space-time manifold allows for coordinating new time steps with weighted quadratures of grid
points within the domains of dependence to mimic the natural evolution of the continuous system [8].
There are similar approaches of space-time methods using finite element theory for hyperbolic systems
[9,15] where the finite elements for the numerical methods are constructed in time and space
simultaneously. Our approach is similar to the space-time discontinuous Galerkin method [33] but uses
uniform spatial resolutions on finite difference stencils and allows for new time steps to be determined
separately based on local residual error expansions in order to achieve consistent higher-order convergence
rates. Thus, grid points for the new time steps may be determined as a function of spatial resolution and
local flux coefficients in order to regulate growth of local errors similar to the Arbitrary
Lagrangian-Eulerian technique [2,7,25] where grid points may be moved in a prescribed manner. In a
similar work [14], the quadrature points are adjusted slightly from conventional points in order to reduce
dispersion error in finite element methods. Furthermore, our approach is also similar to the ADER
approach that involves defining numerical fluxes and numerical sources [32]. We define the numerical
fluxes and sources using weighted quadratures of the associated grid points. Thus the overall accuracy of
the space-time discretization of the equation increases as the number of quadrature points within the
domains of influence used in constructing the numerical fluxes and sources about each grid point increases.
We determine the weights to annihilate the coefficients of the partial derivatives through the minimization
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of a space-time error expansion for the equation. As such, there is no need to use a solution reconstruction
method per grid point to approximate partial derivatives in the solution expansion as in the ADER approach
and thus resulting schemes have relatively less implementation costs per grid point.

The paper is organized as follows: In Section 2, we present the general space-time finite volume
differencing framework and the design for the schemes by describing the discretization of the parabolic
equation in one spatial dimension where the space-time domain is two-dimensional. In Section 3, we
provide further details on the weighted quadrature method and the constrained minimization of the
space-time equation error expansion to determine the quadrature weights the desired schemes. In Section 4,
we provide a generalized one-step three-point discretization of the parabolic equation as well as stability
and accuracy analyses of the schemes. Local accuracy improvements through alternate parameterized
schemes based on the equation error residuals are discussed. Subsequently, the source term collocations for
a list of one-step schemes are discussed including strategies for utilizing source term distributions to
improve solution accuracies. Numerical results demonstrating the effectiveness of the methods are
illustrated in Section 5 where the source term collocations for improved local accuracies are compared with
traditional methods. We briefly discuss extensions to higher spatial dimensions and present conclusions in
Section 6.

2. Space-time finite volume differencing framework.

Consider the parabolic transport problem below of finding u = u(x, t) such that
u
ot

u(x,0) = ug(x) forxz e
u=g(z,t) in [ x(0,T]

—oAu+q inQx(0,T), z€Q=[a,b] (2.1)

where ¢ and g are assumed to be sufficiently smooth. We use a space-time unified framework to construct
stable, conservative, and higher-order accurate finite volume schemes for (2.1) in a comprehensive
approach with accuracy improvements over semi-discretization approaches. The approximation of local
fluxes [11] needed to ensure uniform higher-order convergence rates is improved by the unified space-time
formulation. Thus, the equation (2.1) is reformulated over a space-time domain rather than discretizing in
separate coordinate directions [30].

We thus rewrite (2.1) in an integral form over the space-time domain such that

[ uy drdt = / (o Au + q )dxdt, (2.2)
Jay Jay

where Qr is the space-time domain which is the closure of Q x (0,T] in R?. Using the divergence theorem,
(2.2) is rewritten into a flux integral balance form as

/ -7 dr = / oVu-vdS + / q dxdt (2.3)
Jaar Jaar Jar
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over the space-time cylinder Qrwhere v is the unit outward normal to the surface S of Qrwhich is a
function of time and space, and 7 is the component in the temporal direction.

Now, consider the two-dimensional space-time domain Qr as partitioned into space-time control volumes
where each control volume is centered on a space-time grid point with a regular distribution of neighboring
space-time grid points. Thus, each grid point has a cloud of quadrature points that describes the control
volume which overlaps [34] with the distribution of grid points for neighboring control volumes. The
interlocking configurations created by these overlaps help to effectively capture more local fluxes to
neighboring points across different time levels necessary for higher level of conservation and consistent
higher-order accuracy. Other space-time methods [4,9,27,28] describe the local partitioning as finite
space-time slabs where balance of fluxes is considered [28].

Following a similar characterization of the local space-time domain [28], consider a partition of the time
interval [0,T]by0=to<t;<--- <ty=T and the domain [a, b] E Rby a =Xo< x1 < --- < xm= b such that the
space-time control volume is Q"m = [Xm— h, Xm + h] x [ta—1 ,tn+1] and illustrated in Figure 2.1. Each control
volume Q" consists of a centroid Xowith a compact cloud of quadrature points Xy, X2, X3, X4, Xs, Xs, X7,and
Xg for the solution as depicted in Figure 2.1 where Q" overlaps with control volumes centered on all these
surrounding grid points.
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Fig. 2.1. Control volume Q"ncentered on Xo(to. == ) with local uniform compact cloud of quadrature grid

functions ¢is for the solution and fis for the local source terms. Given the spatial resolution h, k is chosen to
regulate the leading coefficients of the residual error. The collocation points anand ax for the source term
are also to be determined.

We describe the flux integral balance equation (2.3) on each control volume Q"m by
/ U - Nip dr = / oVu - vy dSip + / g dxdt (2.4)
" BQ:L ' EQ:-H ' Q::I

where vin is the unit outward normal vector to Skn, the space-time surface of Q"mand 7 is the component in
the temporal direction on Q™.
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Now, the left hand side of (2.4) that describes the time rate of change of u within Q" depends on local
diffusive fluxes and source term distribution on the local two-dimensional space-time manifold about
(Xm,tn). We thus rewrite (2.4) to indicate the dependence of the change in u between the initial time frame
I'o(h,k) and the new time frame I't(h,k) on Q" by

/ wdr — [ udr = / oVu - vep dSkh + / q dxdt (2.5)
JT ¢ (h k) Jro(h k) Jaqr, Jaz

e

where I'o(h,k) and I't(h,k) are respectively determined by the times t,— k/2 and tn + k/2 and their associated
spatial distributions of grid points.

On each control volume, local space-time fluxes are to be best captured by a weighted quadrature
approximation of the flux integrals in (2.5) in order to rightly incorporate quadrature points within the
domain of dependence on the initial time frame I'g(h,k) subject to the distribution of grid points [31] and the
space-time expansions adopted. We remark that the local flux integral balance set up in (2.4) is very similar
to other work [6,10,22,23,28,30]. However, to capture the flux at a higher order accuracy we adopt a
unified space-time expansion for u to formulate the fluxes in a multivariate sense and then utilize the
differencing of the quadrature approximations of the integrals to capture local compact fluxes through the
minimization of a local discretization error for (2.5). By formulating local fluxes comprehensively using all
compact grid point function values for the solution and possibly sub-grid values for the source terms,
control volumes of any shape (regular or irregular) in other formulations [10] work with this methodology.
To approximate (2.5) about each centroid, we adopt a unified [24] space-time Taylor’s expansion ¢ to
locally describe the local space-time manifold of u by

_ _ = Clg,i) 09 " g o
T+t +1) =D Y " 5y (e T )1 (2.6)

where ¢ is assumed to be smooth enough. We carry out the expansion about the half-time point to ensure
uniform discretization and to more easily formulate fluxes (diagonal transient and diffusive fluxes) about
(tn, xm) from all neighboring points subject to available degrees of freedom.

We then constrain the coefficients of the terms ox, gxxt, ¢xt, €tc in (2.6) by higher-order spatial and
temporal derivatives of the equation and introduce terms like fx;, fuxt, fxit to reflect more local regularities of
the equation by way of the Cauchy-Kovalevskaya procedure [23].

To achieve the objective of obtaining a robust higher-order discretization for the equation (2.5) and to
guarantee uniform convergence rates, the source term must be collocated effectively in order to efficiently
capture the associated local variations in source term distribution. Hence, we use a local operator action on
the solution expansion ¢ to define the source term as

_ _ Clg.1) 0% ; P
F(@Tm + 2ty + 1) = A Z 3 A Gmio e Tm)e't (2.7)

g=01i+j=q
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where x represents the action of the differential operator describing the unique local description of 2.1 such
that

fo= f(xm:tn) = A&¢|(:ztm,tn) = (gbt - 0A¢)|(mmatn)_ (2.8)

A unified space-time equation error expansion for the flux integral representation (2.5) is then formulated
about each centroid by using general weighted quadrature approximations for the integral operators. By
utilizing quadratures of the grid point values of the solution and the source term to approximate the
equation between times t, + k/2 and t, — k/2, allows for adaptive use of grid points to ensure improvements
in local accuracies. Thus, different geometries of grid functions on the control volume may be adapted to
suit specific situations like near irregular boundaries [1,17]. Furthermore, local physical parameters of the
equation are efficiently represented by the source term (2.7) in accounting for local fluxes in the balance
formulation (2.5).
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ume with centroid ai (Tm,tn) indicat- (Tm,tn) indicating the geometry of fourteen local direc-
ing the geometry of eight local direc- tional flures about the centroid.

tional space-time flures about the cen-

troid.

As illustrated by the distribution of the grid points about the centroid (xm,tn) in Figure 2.2, the local
diffusive flux 6V has contributions (direct or indirect) from all the neighboring solution values on the local
space-time manifold containing the solution. We therefore approximate oVe¢ about (Xm,tn) by the
generalized quadrature rule

. L Teg
/ oV - vy dSp =2 Z wil(d; — @) such that wy = Z w;, (2.9)
LIQ7, i=1 i=1
where ni the number of neighboring cloud of points to be adopted, and wi is the weight for the local
directional flux ¢i — go.
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We now write the residual R(u) of the flux integral formulation (2.5) on each two-dimensional space-time

control volume Q" as
wdr — /
JoqQ
(2.10)

R(u) = / wdr — /
JoQu,, /oQ

Then a discrete minimax approach is sought to approximate (2.10) by minimizing a local equation error
expansion formulated for R(u) using generalized weighted quadrature approximations of the flux integrals.
Thus, the local equation error expansion Rk, about each centroid grid point is described as the generalized

aVu - vy dSk — / g daxdt.
JQr,

n n
mit, m

quadrature approximations of the flux integrals on the space-time control volume by

Ry = Z vy — Z Bich; — Z w;(@; — g ) — Z '-”:'fz' I"Ell}
Q. ., Qn., 9Qz, Qr,

where the weights wi, ai, £i, and viare to be determined by eliminating the leading coefficients of the error
(2.11). In [14], a similar modified generalized integration rule is implemented where the quadrature
weights are assumed to be units but the quadrature points are adjusted slightly from conventional points in
order to reduce dispersion error in finite element methods.

Clearly, the framework for the local error expansion (2.11) allows for sub-grid collocations of the local
source term to be utilized in the discretization. We therefore formulate the approximation of the more
balanced flux integral form of the equation (2.11) about the centroid of the control volume Q" by

Rin= Y b= Y Bidi— Yy wildi—o)—) vfs (2.12)
Q.

|:':qu"'!rl -1 |:':qu"'!rl 1 dq:‘[

where ¢i= ¢(xo + ih), fi= f(xo + zih). While the nodes for the solution ¢;are fixed, the nodes for the source
term fijare not fixed as in a generalized Gaussian quadrature approach but allowed to be symmetric about
the centroid as schematically described in Figure 2.1. Thus, the weights

{ai, pi, wi, vi} and the corresponding nodes ais are to be optimally determined through the minimization
process of the local equation error expansion.

In this work, the nodes for the solutions ¢i are fixed but the nodes and weights for the source term fiare to be
determined to minimize and regulate residual error expansion Rkn which constitutes the dissipation and
dispersion errors associated with the discretization. As additional points are introduced in the quadrature
approximations, the level of local accuracy improves. However, given a fixed number and distribution of
points on the control volume, we seek the optimal combination of weights and nodes to minimize the
residual error expansion Rknas much as possible and to stabilize the resulting schemes. Determining the
weights to minimize the space-time error expansion ensures that the dynamic weights may be effectively
constrained to render the resulting schemes local extremum diminishing (LED) [18]. The constraints in the
minimization process include:

For a non uniform grid, the task of determining the collocation parameters is tedious as reported in a similar
work in [12]. However, the symmetric collocations of the grid points eliminates odd powers and reduces
the complexity of the error [31].

The weights of fiand ¢iare constrained to ensure M-matrix property for the resulting system matrices [3]
and to guarantee faster convergence for iterative methods in solving the resulting linear systems [3,24].
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Other constraints include restrictions on the weights in order to produce desired schemes as in one-step or
two-step implicit or explicit schemes.

3. A Space-time finite volume discretization of parabolic equations in one spatial

dimension

In this section, we provide additional details on the unified method of construction for the space-time
discretizations. We recast the full space-time discretization of (2.5) as determining the future updates of u
on the control volume tied with current and past distributions to describe the natural dynamics of the
diffusion within the control volume. For the infinite dimensional settings on each control volume interior to
Qr € R?, the balance equation for the conserved quantity u is

/ wdr — / wdr = [ oVudSkn + / q dxdt (3.1)
' aQ;:l foad1 b 'qu” ) dQ::a b "

M |?‘ e

where 0Q"mtn and 0Q"mtn+1 describe the initial and final time-boundaries of Q"m, and Sk is the total
space-time boundary surface of Q"w. The framework of this approach is similar to the finite volume
element method [6] and the finite-dimensional approximation of (3.1) that describes the dynamics of the
solution expansion ¢ about

(Xm ,tn) is given by the local quadrature formulation

Z fI;(ZJ:-t_.' — Z .d,'f_',"':!_] = Z E-!';"'T-"f_',"'f + Zf'fff '32]

AQR, tn 11 aQp, tn aQr, Qr,

subject to

| ]
1 1
Wy = Wy, Zn, = T Z_&'; = T v = 1. (3.3)

i=1 i=2 i=6 i=0
The grid functions for the solution ¢; are defined by

@3 = ‘j?_'_l ‘= O Ty, ty + KE/2), ¢r = @7 1= P(Tm,tn — kk/2),

Qg = @?:hl = @z + hytn +EE[2), ¢4= {.;‘J:?'__hl = @(xy — h,t, + &k/2),

og = cﬁ'?_,_h = -:__.'}(.rm + h.t, — Hﬂ‘f?}. Dg = {_;‘J:;?'_h = -:__-‘}(J"m —h.t, — Hﬂ‘;’af} ['3—1}

where « is to be determined from the residual of the local equation error expansion (2.11) and ¢o := ¢(Xm,tn)
is the grid function value for the solution at the centroid of the control volume. The parameter, «, a
dimensionless time measure is the diffusive rate to changes in time where a large value indicates faster
propagation through the control volumes [29]. The grid functions for the source terms fi, also given by
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fj — f1n+l = f[x'i'??-‘f‘ﬁ + |:'tlln.'-'Ic'.":IQ\l‘ f'r — f-:?. = f[;i!‘»,ln. f-n — (kkﬂf:.".lg:]‘

fo= A= f(om + anh.ty + ark/2), fa= i = flom — anh,ty + ark/2),
fs = fin = flem + aphty — o k/2),  fo = [y = flom — aph,t, — apk/2),
fl:f::_-;_l /2 —f[-rm+tlhh tnl. fJ:f:E-;L . = f(zm — anh, nj [3:‘}

where the nodes for fi parameterized by ax and an and their weights v; are to be determined and fo := ¢(Xm,tn)
is the grid function value for the source term at the centroid. To ensure robust higher-order accuracies for
the discretization, the time step k parameterized by « is to be determined for a given resolution h through
the minimization to regulate the growth of the residual errors in the space-time domain.

As discussed above, the grid function values of the source term f; on the control volume®7. as in Figure 2.1
are defined by

fltn +t, Tm +x) = (8¢ — o) D(tn +t, xm + T) (3.6)
such that

f[} — f Ty 'rm,] — @t{tn-;rm:] - J@mr[tn- T ) [37}

which is consistent with the strong form of the equation (2.1) at (tn,xm). Thus the source term is much more
complicated and therefore needs an efficient quadrature approximation on the control volume to guarantee
effective higher-order accurate discretizations of the equation.

We recast (3.2) for a one-step implicit time discretization of the equation on the control volume illustrated
in Figure 2.1 by

Z ”‘H Z Bi =Zer (o0 — G’x]'-l-zir (& — o) -I-Z ifi- (3.8)

The assc =2 i=6 i=2 i=0

1 & !

8 8
Rin = E Tt — E Gidl — E wi (@0 — o) — E wi (@] — go) — E vi fi

i=2 i—=6 =2 =6 i=(]
where (3.9)

g

4 B b
wﬂzzwi:n. Zaﬁ:— ij Z (3.10)

=1 1=2 i=6H i=(

are enforced to ensure that the differential and integral operator properties of the equation are preserved
through the optimal set of weights for a particular discretization.

By applying the Cauchy-Kovalevskaya procedure [23], the leading terms of the error expansion Rk are
reorganized in terms of the partial derivatives gt, gx, oxt, Pxx, @it, Pxtt, Pxxts Pxxx, Tty T, fxt, Txx, fit, €1C Where their
coefficients are functions of «, h, o, an, ok and the quadrature weights. The optimal sets of weights
{oi,Bi,wi,vi} are then determined to eliminate the leading terms of error expansion.

4. A Family of One-Step Three-Point Discretizations
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In this section, we present one-step three-point discretizations for the parabolic equation (3.8) based on
constrained minimization of the local space-time equation error expansion.

To discretize/oaz, ¢ 4% implicitly about the centroid as indicated by the left side of (3.8), /-2 ¢} " is

LT

described as a weighted combination of g2, pszand g4 at time th+1 whileXi=s 5i¢7 is a weighted distribution

¢ - dr

of gs, 7 and gsg at time t,. We then define a one-step implicit-time differencing of Joa, on the

control volume in Figure 2.2 by

o o(do +dg) + (1 — 2am)dda Felde + ds) + (1 — 28 )d7
S e T em P00+ (=2 il +00)+ 1 =250

k k

aQr tn 1 aqQrtn_1
(4.1)
where 0 < @i, 4 <1, >Jos =1, 32 8= 1, and the grid function values gs, 7 and gg are within the domain of
dependence of the centroid.
A one-step discretization of (3.1) using the stencil in Figure 2.1 may then be described based on (3.8) and
(4.1) as

pr(d2 + da) + (1 — 2u)ds  pr(ds + és) + (1 — 2ux) 97

k: k
8
ol ol—-6) ., . ”w
—h—gfﬁ'z + ¢y — 2¢3) — h—zf_ﬂ?ﬂ + ¢g — 2¢7) — ;.jifi + Bpp (4.2)
where
Fo=1-—208 ! By =8
¥ 0 — b gf‘ti . - 1 — M5
) i ok ok(1l—20) fLg L
By = B4 = — — — . 4.3
e 1202 cvp h? 1202 a2 h? 6aial (4-3)
_ ok o k(1 —20) s ,
O = = - — —. 4.4
e liaﬁt:mhz l?t'.tam-f,hz E'u'.tﬂm-f, (4.4)
) 1 ok o k(1 —26) iy I
Bq = + + — ‘ 4.
a Eim-% E'u'.riakhz B(.k?lt’.‘t%hz 3(.1-%(1'% (4.5)
1 k k(1 —26 I )
."37 — & 2 = ] 'JJ a 2 (2 2 2} e IHZ& %9 [_]:6}
bay  6ajaph Gagazh oy ey

and Rnk as the residual error to be conditioned for a more uniform convergence of the resulting schemes.
The parameters wu, 6, an, and ax are to be determined to regulate the associated residual error Rn, which is
re-organized along a parabolic space-time curve

o k= Kh? (4.7)
by
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Rpur &~ Thh? + Tyh* + T5h® + O(R%) (4.8)
with
7 o(12py — 1+ 6k(1 — 20)) 0*¢
B 12 dxt
6 (Bs0f — pg) + 26030 — 1) + & + 2p — Gpgai 02 f
- 6af dz?
_ o(1 — 20p; + 30K% + 156(20 — 1)) 9%
T 360 G
k(20 — 1)(a? — 1) — 2k% + 2up(1 — a2) 04 f
N 24 At
o 1= 56 — 0(4206°(20 — 1) + 210w>(1 — 4puy) + 28k(20 — 1)) 0%
v 20160 d®
K2(3 4+ 6K(20 — 1) — 207 — 12u) O°f
B 288 Ot
k(30k%(1 — 20) — K(60p;, — 15) + 2+ 4pp + 203 (20 — 1 — 2pz) + 2(1 — 26)) 8° f
1440 dxb
Te — kY3 —5a2)d'f k' bBai —3) O°f L
576004 Ot 144003 Ox20t3 '

The local diffusive rate within the computational domain, x, which is also referred to as the numerical
Fourier Number may be selected to control the resulting residual errors. According to Taylor’s Theorem,
the higher-order derivatives in (4.8) reflect the smoothness of the solution about the centroid. Therefore, for
non-smooth data conditions [5] as well as for higher local accuracies, the remaining parameters «, an, ax,
and fis may need to be determined to regulate the leading coefficients of the residual error in order to control
Pxox Txx, €tc. and therefore improve local accuracies.

4.1. Stability and Accuracy Analyses

By Von Neumann stability analysis, the amplification factor, G, for the homogeneous version of the
scheme (4.2) is determined as

1+ 4(k0 — pg) sin® (b, 2) — A sin® (k&)
1+ 4(k0 — px) sin® (b 2)
4k sin? [F:m%}
1+ 4(k0 — ) sin® (km 2)

G =

(4.9)

where %= 77z and kn is the wave number.

Clearly, any scheme with u < @ is implicit and unconditionally stable which includes the Backward Euler
and the crank-Nicholson schemes while uk = k6 produces an explicit scheme as in the forward Euler
scheme. Thus, there are several ways to come up with either an explicit scheme or an implicit scheme for
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the parabolic equation (2.1). The key here should therefore depend on local accuracy performance which is
connected to the functional nature of the leading coefficients of the residual error error (4.8).

On one hand, for the case of the implicit backward-Euler scheme with 8 = 1 and ux = 0, the sinusoidal
component of the numerator is eliminated rendering the scheme more preferable for non-smooth or sharp
data conditions in the solution profile [5]. However, for 3 < ? <1 and = 0, the coefficients of ¢®(x),
9O(x), etc within the leading terms of the residual error stay increasingly negative and therefore
anti-diffusive for any . Thus, the larger the value of «, the higher the level of ’pollution error” for such
schemes.

On the other hand, the local expansion (3.9) and the leading coefficients of the residual error (4.8) offer
alternative more locally accurate options.

4.2. Source Term Discretizations for Higher Accurate Second Order Schemes

In this section, we demonstrate how efficient source term discretizations may be constructed to achieve
higher local accuracies and streamline convergence of computational errors. The derivatives of the local
point-wise equation error

or
driotd
where p=0,1,2,3,--- and i + j = p, which may be factored into the h? term of the error expansion (4.8) for
instance, are of the form

Rigjt := (b — Oy — f) (4.10)

L=

1]?2.1:'{]( = (fqg‘r@mrt - (Tf"lgm'f.—"}rmrm - ="1§;rfmr) |If_|:'_;, o) (4.1 l:"
and

Riﬁlmlt = (.*'-l'i“'t{_-"?“ - f-'r-"'lfllf{.ff'.rrt - -‘;1{;1.}rt) (ch.cr)s r"ilz}

By incorporating (4.10) into (4.8), the strategy is to determine the collocation weights for the source term
with the objective to control and regulate the residual error. Thus, we determine the collocation weights to
first eliminate the temporal derivative fras described in (4.12). A ratio parameter frwhose value may be
utilized for the spatial distribution of the local source characterized by fyto cancel out the error effects of
@xox I the residual error as described in (4.11) is then introduced. That is, S is introduced and fs is
determined in (4.8) such that

AL, =Bro AL, with A% =0, (4.13)

where

A For ps= 0, fx is outrightly eliminated,

B The value of g may be determined for which the computational error achieves a minimum when the
error contributions from gx«xx are cancelled out by fxy,

Cc The S+ may be chosen to regulate the natural convergence of the local point-wise equation errors as
described in (4.10) as much as possible.

Thus, poand fsin (4.3) may then be determined as
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Bo =1+ 2 1 2u, k(20 —1) k(1 —260) | pp(203 — 1)
0= 3&%0{% 304% a]% u%h? 304}2,404%:}1,2 3&%&%
k(1 — 20) (12p, — 1)
3 rc — -
+6ra ( o h? + 6o
k(1 —20) k(1 —20) (302 —1) . (k(20—1) (1 —12u)
Ps = 2(1;2,]1,2 6(,14‘,2,‘(1%71,2 3()1%(,14% + B0 2(1?)]1,2 o 12(1%

in order to match the coefficient of fu with that of gxxx in (4.8).

Consequently, T2 in (4.8) becomes

o(12py — 1+ 6K(1 — 20)) (01 48 o f
Oxt P Ox2

Ty =

12 (4.14)
and T4 is modified as
T, — o(1 — 20 + 30K% + 15k(20 — 1)) 9%¢
e 360 56
o (k(1 —20) 12, — 1Y\ O*f
g 2 o
+oBrai, ( 24n2 T 144 Dzt
n (20 — 1) (aF — 1) — 282 + 2, (1 —a3)\ 91 f
24 Ot (4.15)

To allow for the capacity to also regulate T4, additional points for the source term
- 9%
may be needed to control the approximation of - @=% even for second order schemes to achieve higher
local accuracies. In particular, for four additional coordinate directional points defined by
fla = f(mm + h’s tﬂ-)s fSrz. = f(‘rm — Th h: tn):
f.‘ja = f(-"vm: tn + g, 'L‘/z) f7ﬂ- = f(.I?m, bn — Qipy k/2), (416)

the coefficient of 3—44"' in (4.20) becomes

Gﬁgﬁgk(l —20) + Jﬁ;‘j(l?]}.k —1) Tl’ﬁ((l‘ﬁ - ‘nﬁ) Jk(a'ﬁ —1)

Aflr:ﬂ z‘df + 5" + 9

144h2 o 12 12h2
l—a% O'k(l—(k%) o? k2
+ g + FYET - ;
12 24h2 12h4
12

wherem: # an and S is the collocation weight for fia and fsain (4.16). Instead of outright elimination of
i)TAg = may be determined as described in (4.13) by
Af, = Bx,0 Al with Af, =0, (4.17)

! 8%
where a fris the ratio value at which % cancels the error effects of =" from the computational error.
Clearly, the error terms (4.14) and (4.15) offer two approaches for local accuracy improvements. One
obvious approach is through a higher-order accuracy by choosing 8 and u« to eliminate T2 in which case the
local solutions gis are manipulated as discussed in the next section. The other approach is through the
manipulation of the local source terms fis.

4.3. Implicit Fourth-order Accurate Discretizations
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As described in the previous section, one way for a more accurate discretization of (3.1) is to choose 4 and

uxto eliminate T2. Using a finite volume quadrature differencing for Joqy, @~ d=petveen the times thand

th+1 as described in (4.1), a three-point one-step implicit discretization of (3.1) obtained by determining? = 3
and#+ = 13 to eliminate T2 is given as

10¢3 + @2+ 1007+ g6+ s @2+ ds — 203 + ¢ + g — 2¢7
12 12k -7 N
a4+ fr—2 fo + fr — 21 fe + —2f=) — + fa1—2
fot fa+ f i fo p It S fo, , l 6+ fs —2f7) — (fa+ fa—2f3)
Gy 120, 1202 ah?
fu—|—fb—?’fj—2[f1 fs—2f0) +(fa+ fa—2f3) (4.18)
a?(khn& L

where an and ax may be chosen to regulate the rate of convergence by matching the leading coefficients of
the error as discussed above. The amplification factor for the homogeneous part of the scheme is given as

1 — (26 + 1) sin? (km
G = (.“ {) 2': m?) (4.19)
1+ (26 — 3) sin®(km2)
and therefore unconditionally stable [19]. The resulting residual error Enk is reorganized as
Ene & Tyh* + Toh® + Tsh® + O(R'?) (4.20)
with
(1 —20s%) 8% 1 —ai — 1262 0*f
Ty = — —
240 dxb 144 Ot
Tr — o(11 — 420x2) 9%¢ . (14 — 14af — 4206%) 8°fF  K%(ai —1) O°f
o 60480 Ox® 60480 orb 1440 Oxi0t
_ o (13 — 7560k — 210k2) 9% k*(3 — Bal) 91 f N k2 (5at —3) O°f
5 3628800 dx® 576004  Otd 144003 92203

where axand an are to be determined.
For the collocation point value of an = 1, the leading coefficient of fx«x in (4.20) puts a constraint on the size
of x [19] for local accuracies and computational convergence. This stiffness constraint may be eased with a

sub-grid value of h < %mﬂch creates a point-wise equation error coefficient ratios for
I-:;f:i £
' @ ﬂlld That is, a sub-grid point value of *» = leads to coefficient ratios in the leading term of

the residual error that matches the point-wise equation error about the centriod (4.10) and therefore
provides for a more uniform convergence independent of « as resolution is refined.

As discussed in [19], one way for improved local accuracy is a two-step method where the discretization of
the diffusion term includes solution values at the centroid time level and uses a nine-point stencil on the
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space-time domain in one spatial dimension. On the other hand as discussed above for the source term

dt:l
discretization, additional collocation points may be utilized to reduce or eliminate the effects of =% on

computational errors. In particular, for four additional symmetric points about the centroid defined by
foa = flzm + whh, tn + ark/2), fia = flxm — whh.tn + apk/2).
foa == flzm + 7wph, t, — ark/2), fea == flxm — ah, t, — ark/2). (4.21)

aty
the coefficient of =™ in (4.20) becomes
; 2 2 9 ,.2
)J,Trh B, '1“!1 ) +1—a;f — 12k (4.22)
144
9 f
wherem # an and B is the collocation weight. Instead of outright elimination of ? " may be
parameterized as
_ 60K2(1 — 3, ] ‘33‘;,4-._1 aZ — 1)
Br, = \ (ah — (4.23)

l?[l“hl'nh — rrhj

. 9% 9° .
where a fr may be determined for 57 to reduce the effect of 5:5 on computational error.

5. Numerical Experiments. To demonstrate the effectiveness of the method for developing new
higher-order efficient schemes for (2.1), we present some of the results of our tests to show accuracy
improvements and associated uniform convergence rates.

The p—norm of the grid function error (global) on Q at time T, is defined as

N 1/p
fu— ol = (hz (e T) — 9l T)f')

i=0

(5.1)
where u(x,t) is the exact solution at time t and ¢(x,t) is the space-time numerical approximation of u(x,t) at
time t. Thus, ¢(x,T) is the numerical solution of the equation on Q at the end of time integration based on a
spatial resolution h.
Consider the error et based on a spatial resolution of h, measured at the end of a time integration T with the
L*norm Q according to

er(h) =||lu— ¢l =Ch" + o(hﬁ") ash — 0,
where C is independent of h. If h is sufficiently small, then
elh)

el 5 )

r(h) = Ch", and R(h) = =

r.'_-|::r'

where r is the order of accuracy or the convergence rate.
Example 1. As a first example, consider the exact solution to (2.1) to be

A , ,
ulr, t) = E{MS (t —mx) +cos(t+ mx)} with Qp = (0,T] x [0, 1]. (5.2)
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With ¢ = 1, the initial distribution as uog(x) = coszx, and the boundary conditions as
g(0,t) = cost and g(1.f) = — cost, the source term is determined as
f(x,t) = 72 cost cos mx — sint cos 7.

Example 2. For a second example, consider the exact solution with o = 1 to be
u(x,t) = sin (wz) exp (—F%t) with Q7 = (0,T] x [0,1] (5.3)

With the initial distribution as wup(xr) = sin(wzx), and the boundary conditions as
g(0,t) = 0 and ¢(1.t) = sin (w) exp (—3%t), the source term is determined as

flx,t) = (w? — 5%) sin (wzx) exp (—5%t).

Example 3. As a third example, consider the exact solution with o = 1 as

u(x,t) = é {1+ tanh(~y cos(2mt))} sin (kxcos¢) with Qp = (0,7] % [0,1]  (5.4)

With the initial distribution as wg(x) = w(x.0) and the boundary conditions as
g(0.t) =0 and g(1.£) = u(1,t), the source term is similarly determined as

f(z,t) = (tanh(~ cos(2mt))? — 1)~ sin(2rt) 7 sin(kz cos(@))
+1/20(1 + tanh(y cos(2xt))) sin(kx cos(¢))k? cos(d)?.

With T = 2, we examine accuracy improvements and the higher-order convergence rates of the new
schemes in the numerical experiments below.

Experiment 1. The amplification factor (4.9) clearly reveals that an implicit scheme is guaranteed with z«
< k. Therefore, the objective in this experiment is to demonstrate how the pairings of 0 < ux < 1/2 with 0 <
0 < 1 affect local accuracy. We consider situations when #x # 1/12and 0 #1/2 in which cases the
discretizations are second order accurate in space.
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5.1. Error plots are for different source term discretizations as 3¢ is varied from Sy = 0
to By = 1.5 with h = 1/8 and p, = 0. The minimum point shows the value of 8; at which
a2 o alg .

S L +B; 2% =0forn=1/5

Figure 5.1 shows that when ux is small as in x = 0, smaller values of 8 produce better local accuracies and
accuracy decreases as 4 is increased.
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Fic. 5.2. Error plots are for different source term discretizations as B¢ is varied from 8y = 0
to By = 1.5 with h = 1/8 and p;. = 1/9. The minimum point shows the value of 8y at which
a2 o g .

—I;;T-f +B;55 =0 fork=1/5

In Figure 5.2 with x = 1/9, lowest errors are achieved when @ ia about 2/3.
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3. Error plots are for different source term discretizations as 3; is varied from 3; =0

to By = 1.5 with h = 1/8 and py = 1/18 and p; = 1/6. The minimum point shows the value of Sy

o ad o
at which :;Tf; - ﬁf;j—r_‘r =0 fork=1/5

In Figure 5.3 with g« = 1/18, lowest errors are achieved when 6 ia about 1/3 but for u« = 1/6 lowest errors are
achieved with § = 1. Thus, as @ is increased ux must also increase and vice versa to create second order

discretizations that produce higher local accuracies.

Experiment 2. The purpose of this experiment is first to demonstrate the levels of local accuracy
improvements that may be achieved with Crank-Nicholson scheme for different source term
discretizations. In Table 5.1, column 1 with CN refers the errors for the traditional scheme with source term

collocation as

3(fs+ fr).

Column 2 with S = fr= 1 refers to the source term discretization where residual error (4.8) has been
regulated by factoring in the local equation error residuals as described in (4.13) for the O(h?) term and in
(4.17) for the O(h*) term. Column 3 with pr=—1.95 refers to the source term discretization where only the
O(h?) term of the residual error is regulated by determining the best value of f for the best results based on

the relationship between the particular solution and the source term.

International Educative Research Foundation and Publisher © 2021

pg. 383



International Journal for Innovation Education and Research

TaBLE 5.1

ISSN 2411-2933

01-08-2021

Grid refinement analysis for Example 1 with Crank-Nicholson discretization for ¢ and different
source term discretizations with K = 1/5

h k CN evge. || By = Br, =1 | evge. | By = —1.95 | cvge.
|lu—¢|r_ | rate |lu— ol rate lu— ¢l | rate

L2 || 1.049¢7 2.485¢ 4 3.564¢3

L 22 o614 | 2.00 6.173¢7° | 201 || 7.622¢* | 2.23

L2 [ 6646 | 1.98 1.566¢° 1.98 || 1.282¢~* | 2,57

L 820 1661 | 2.00 3.013¢=% | 200 || 82857 | 7.28

Results in Table 5.1 show that local accuracies may be improved significantly by utilizing the source term
collocations where the residual error as determined in (4.8) is regulated over the traditional
Crank-Nicholson collocation of the source term. Additionally, in Figure 5.4, the error distribution er(h) for

varying s clearly show that a minimum may be achieved at which

it . .
cancels —'.i,?.-"; 'rror contribution of

iy il
without re g—r“._i ing the O(h*) term of the error. However, when the O(h*) term of the error is regulated
with S-r= 1 as described in (4.17) and illustrated by Figure 5.5, uniform convergence is demonstrated with
consistent numerical determinations of f.

E

E (h/)

x 10
(5
4
e
D 1
=1 o 1 z
3
I T
x 107
4
3 L
2 L
1l
| -3 -2 -1 0
B¢

Fic. 5.4. Error plots are for the Crank-Nicholson discretization of ¢ with varying source term
collocations based on Gy for h = 1/8. The O(h*) term of the error is not regqulated by _.'B’TJ. as

described in (4.17).
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Fig. 5.5. Error plots are for the Crank-Nicholson discretization of ¢ with varying source term collocations
based on pifor h = 1/8. The O(h*) term of the error is regulated with frt= 1 as described in (4.17).

Experiment 3. In this experiment we demonstrate local accuracy improvements for the Backward Euler
scheme with different discretizations for the source term.

In Table 5.2, column 1 refers the errors for determining the source term collocations

0%f to eliminate 4.2 from the residual error.

Column 2 with pf= = 1 refers to the source term discretization where residual error (4.8) has been
regulated by factoring in the local equation error residuals as described in (4.13) for the O(h?) term and in
(4.17) for the O(h*) term. Column 3 with B:=—1.95 refers to the source term discretization where only the
0O(h?) term of the residual error is regulated by determining the value of g for the best results based on the
relationship between the solution and the source term.

TABLE 5.2
Grid refinement analysis for BExample 1 with Crank-Nicholson discretization for ¢ and different
source term discretizations with K = 1/5

h k Bfy=10 cvge. | Bf = Bz, =1 | evge. | By =3/10 | cvge.
|lu— || | rate lu — &L rate | |[ju— ¢[r. | rate

Lo 2291e° 5.465¢ 1.443¢~°

L |22 || 6286c1 | 1.87 2.106e* 1.38 | 2.999¢ % | 2.27

L4l 18800 | 1.74 9.126e° 1.21 | 4.510e7® | 2.73

= | 2= || 6.09%9° | 1.62 4.171e° 1.13 | 4.448¢% | 3.38

Results in Table 5.2 clearly show that the weighted quadrature approximation for the source term, >_vifi,
has been effective since the implicit backward Euler scheme can be made to achieve higher local accuracies

a!
at par with the Crank Nicholson scheme. By choosing B:= 0 to eliminate &= as in the first column,

accuracy performance is slightly below the Crank-Nicholson discretization. However, it performs at par
with Sr= 3/14 and outperforms with g = 3/10 as demonstrated in the third column. Additionally, choosing

International Educative Research Foundation and Publisher © 2021 pg. 385



International Journal for Innovation Education and Research

ISSN 2411-2933

01-08-2021

= fr= 1 to regulate the equation error expansion ensures that convergence of the scheme stays uniform and

more accurate at lower resolutions.

Experiment 4. In this experiment, we demonstrate the computational convergence of the fourth-order
scheme (4.18) for the traditional source term collocation with an = 1. Since the leading coefficients of the
residual errors (4.20) is quadratic in «, relatively large values of  creates a ’pollution’ effect on accuracy
and affects the convergence rate. Results for example 1, example 2, and example 3 are shown in Tables 5.3,

5.4, 5.4 respectively.

Grid refinement analysis for Erample Fll":_IL;trt; :hj Implicit Fourth-Order Scheme (4.18)
h k k=1/5 | cvge. | k=1/20 |cvge. || &= 1/40 | cvge.
|lu—olL_ | rate | [[u—¢lz_ | rate || |[u—o|p_ | rate

L] 2| 0631 8.197¢© 8.125¢°
L1220 88647 | 344 | 5280e 7 | 396 | 51017 | 3.9
L1257 1292¢7 [ 278 | 3810e= | 379 | 3355 | 3.93
L[ 22 962003 [ 230 || 3519¢9 | 344 | 23810 | 3.82

Results from Table 5.3 show that the size of x determines the uniformity of the rate of computational
convergence of the scheme (4.18). As « is lowered from 1/5 to 1/20 and then 1/40, local accuracies
improved and the computational convergence improves toward a robust fourth-order rate.

TABLE 5.4

Grid refinement analysis for Erample 2 with the Implicit Fourth-Order Scheme (4.18)

h k k=1/20 | evge. || k=1/30 | evge. | &=1/40 | cvge.
lu — ¢l | rate | |lu—¢|r. | rate || |lu—¢[r. | rate
L] 2| 2004c0 2.048¢—9 2.063¢9
L1220 1.009¢ | 419 | 1.210e 0 | 408 || 1.248: 1 | 4.04
% 45 3.153e12 .12 5.904¢ 12 4.36 6.867¢ 12 | 4.18
ﬁ b—f 7.232¢71% | 2.11 4.385¢7 14 | 7.07 19717 | 5.12

From Table 5.4, the convergence rate for scheme (4.18) with example 2 tends toward uniformity as « is
decreased from 1/20 to 1/30 and then 1/40.
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TABLE 5.5
Grid refinement analysis for Example 3 with the Implicit Fourth-Order Scheme ({.158)

h k k=1/5 cvge, k=1/20 | evge. k= 1/40 | cvge.
|lu— | | rate | [|u— |z | rate || ||u— @[z, | rate

L1 | 919873 9.195¢~2 9.195¢ >

ﬁ % 6.234e~4 3.88 6.222¢—4 3.89 6.222¢—4 3.89

D22  3877¢® | 401 || 3849¢ 2 [ 402 || 38477 [ 1.02

ﬁ % 2.473¢ 6 3.97 2.403¢° 4.00 2.399¢ 4.00

Results from Table 5.5 for Example 3 support the notion that while it is desirable to have large time step
sizes, consistency of results of higher-order schemes like (4.18) suffer from pollution effects for larger time

step sizes.

Experiment 5. The objective of this experiment is to demonstrate the robustness of the computational
convergence for the three-point quadrature scheme (4.18) with sub-grid collocations for the source term.
From the leading coefficients in (4.20), a value of @ = \/2/ 5 creates convergence ratios with = 1 as in

(4.13) ensuring

il ~B
that S—ﬁ and % converge at the same rate as the fourth-order derivative of the local equation errors

about each centroid.

TABLE 5.6
Grid refinement analysis for Erxample 1 with the Implicit Fourth-Order Scheme (4.18) for

k= 1/40

h | k ap = 0.61 | evge. || ap =+/2/5 | cvge. | ap = 0.67 | cvge.
|lu — ¢||L_. | rate lu— || | rate || |[u—¢|L_ | rate
L] 2 | 2362 1.894¢° 1.076¢=°
L2 1 426e7 | 405 || 1.136e7 | 4.06 || 6276¢ % | 4.10
LA 70159 | 417 || 60720 | 423 || 284277 | 4.46
L8 2100e710 | 524 || 9.483¢ 1 | 6.00 | 1.070¢710 | 4.73

Results from Tables 5.3 and 5.6 show that utilizing sub-grid collocations for the source term has been
effective for improved local accuracies as well as the convergence rates.
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TABLE 5.7
Grid refinement analysis for Erample 2 with the Implicit fourth-order Scheme (4.18) for k =
1,/40

I k an = 0.61 | evge. || an =+/2/5 | evge. || ap =0.67 | cvge.

lu — ¢l | rate lu—o||r. | rate || |lu—|/p. | rate
L2 15499 1.572¢7 1.612¢~9
L2 0277e 7 | 4.06 || 9.419¢ " | 4.06 || 9.669¢ ! | 4.06
% 4_22 4.864¢712 | 4.25 4.953¢~12 4.25 5.109¢712 | 4.24
L 3 7187e 1M | 6.08 || 7.743¢ 11 | 6.00 || 8.718¢14 | 5.87

Again, results from Tables 5.4 and 5.7 show that subgrid collocations for the source term has been effective
for improved local accuracies and a more uniform computational convergence.

TABLE 5.8

Grid refinement analysis for Example 3 with the Implicit fourth-order Scheme (4.18) for k =
1/25

h k anp = 0.61 | cvge. || an = +/2/5 | cvge. | ar =0.67 | cvge.
|lu — @||r. | rate lu— || | rate || ||u— | | rate
ol 402164 4.830e—° 4.034e*
21 2879¢° | 3.80 || 1.0122¢7¢ | 543 || 5.137¢° | 3.97
A 1.794e7% | 400 || 2824 | 531 || 3.140¢7¢ | 4.03
S 10997 | 403 || 2522 | 349 || 19737 | 3.99

i O ] e =S e T

Experiment 6. The objective of this experiment is to show that local accuracies may be further improved
not only through a two-step method but also by reconfiguring the weighted quadrature approximation2_ v:fi

i
for (4.18) to include additional sub-grid points (4.23) to offset some of the effects of S—ﬁ- on

computational errors.
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TABLE 5.9
Grid refinement analysis for the Implicit fourth-order Scheme (4{.18) for a; = 67/100 and
T, = 61/100 for Example 1

h k k=1/15 | evge. | k=1/25 | cvge. | &=1/40 | cvge.
B, = 2.00 By, =120 8., =095
|lu—o|r_ | rate || [[u— |z | rate || ||lu—¢|lL_ | rate

T2 10002 3.803¢ 1.399¢ =

ﬁ z—f‘h 6.546¢ 7 4.08 2.251e~7 4.08 8.280e " 4.08

% 4—?: 3.200e—8 4.29 1.138¢—% 4.31 4.115e" 4.33

L |22 36871 | 980 [ 1.830e= | 028 || 27421 | 7.23

Again, the results in Tables 5.3, 5.6 and 5.9 demonstrate very robust convergence rates for the
scheme(4.18)

TABLE 5.10
Grid refinement analysis for the Implicit fourth-order Scheme (4{.18) for ap = 67/100 and
m, = 61/100 for Example 3

h k k=1/10 | evge. | k=1/25 | cvge. | &= 1/40 | cvge.
B., =09 By, =1 By, =1
|lu—@o|r. | rate || [lu—¢|r, | rate | |[u—¢|L. | rate

L2 7901 4.819¢° 4.841¢75

L1220 5068 | 396 | 1.121e ¢ | 543 | 11725 | 4.08

ﬁ % 3.146¢7° 4.01 2.822¢78 5.31 4.088¢ 8 4.84

ﬁ % 2.096e7 3.91 2.522¢7 3.48 6.368¢~ 1Y | 6.00

As demonstrated above in Experiments 4 and 6, uniform fourth-order computational convergence requires

x to be small to avoid "pollution’ errors.

6. Extensions

In a two-dimensional extension, the space-time domain is three-dimensional where the control volume is
the cube with 26 surrounding quadrature points about each centroid [21]. The flux balance equation (2.5) is
still valid and the time differencing is to be carried out using quadrature points on two-dimensional planes
at the future time tn+1 and the departure times t,—1 and t,. Corner points of the cube may be to reduce the
sizes of the coefficient matrices. However, for numerical modeling situations where high accuracies of
certain feature are of paramount importance, corner points are needed to sufficiently represent the spatial
dimension [20].

This method offers an effective way for sub-grid representations of local source terms to be accurately
linked to the numerical solutions at grid points for multi-physics modeling problems.
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6.1. Conclusion

We have demonstrated the effectiveness of the space-time unified discretization method for constructing
efficient higher-order accurate implicit and explicit schemes for parabolic equations. In particular, we have
described the framework for obtaining higher accuracies about the centroid of space-time control volumes
that allow for effective ways to model local space-time fluxes and include sub-grid sources to improve
accuracy and convergence. Using a general weighted quadrature to approximate the integral formulation
allows for flexible adaptive treatments, rigorous local error analysis about each grid point, optimal choices
of time step-sizes, and effective source term collocations to control the growth of the residual error terms
associated with the resulting schemes. By using unified space-time expansions to approximate the solution
and the local source term, robust higher-order accuracies are ensured by correctly linking the time frames
and sub-grid sources effectively through the minimization of the local error.
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